Negative differential thermal resistance (NDTR) can be generated by a range of previously unexplored methods. In a model-independent scaling analysis, the general condition for the occurrence of NDTR in one-dimensional heat flow is found to be an inequality with three scaling exponents: n1n2 < −(1 + n3). For cases with a temperature-dependent thermal conductivity (n2 = 0), NDTR can always be generated with a suitable choice of n1 such that this inequality is satisfied. The results explain the illusory absence of a NDTR regime in certain lattices and predict new ways of generating NDTR, where such predictions have been verified numerically. The analysis will provide insights for a designing of thermal devices and for an experimental manipulation of heat flow.
I. INTRODUCTION
Negative differential thermal resistance (NDTR), the counterintuitive phenomenon of decreasing heat flux for increasing temperature difference, plays a pivotal role in the operation of various model thermal devices, such as the thermal transistor [1] , the thermal-memory device [2] , the heat-current limiter [3] and the constant heatcurrent source [3] . Being central to the relatively new concept of phonon computing [4, 5] , NDTR is reminiscent of the phenomenon of negative differential electrical resistance in the operation of the tunnel diode [6] and of some other electrical devices [7] , where there exists a regime of decreasing electrical current for increasing voltage. In light of the importance of NDTR in the designing of thermal devices, recent research [8] [9] [10] [11] [12] [13] has focused on an understanding of how NDTR can be generated in various nonlinear lattices, namely the Frenkel-Kontorova model [8] [9] [10] , the φ 4 model [10] and the Fermi-PastaUlam model [11] , where these models, with a rich variety in their nonlinear dynamics [14, 15] , have been used as building blocks for the various devices mentioned above.
Recent studies [8, 10] suggest that the existence of an observable regime of NDTR is conditional upon the presence of a nonlinear onsite potential as well as a small system size, the latter being attributed to boundary effects, for example thermal boundary resistance [10] . For the various lattice models mentioned above, the conditions for the observation of NDTR have so far been studied only in terms of individual parameters of the system, for example in terms of the onsite potential, the system size, and the spring constant, often with the additional constraint that the temperature is kept invariant at ei- * Electronic address: epkeiyeah@yahoo.com.hk † Electronic address: dhe@xmu.edu.cn ther end of the one-dimensional lattice. A fundamental understanding of the nature of NDTR, and a general method of manipulating the occurrence of NDTR, are both lacking. In this Letter, a general theoretical analysis of NDTR is presented, where it is shown that NDTR can be generated for any one-dimensional lattice with a temperature-dependent thermal conductivity and that the abovementioned additional constraint is not necessary for the generation of NDTR.
FIG. 1:
Numerical data for a φ 4 chain of N = 32 particles: Log-log plot of the effective thermal conductivity κe against T + t, where T ≡ (T+ + T−)/2 is an average of the boundary temperatures and t ≈ 0.52 is a fitted parameter. The data fit well to the power-law in Eq. (1), with a fitted slope of −γ ≈ −1.313 ± 0.009 for the log-log plot.
It has recently been shown that the condition for the observation of NDTR in the φ 4 model can be described in terms of a scaling exponent γ > 0 that depicts the temperature dependence of the system's thermal conductivity [10] : In this nonlinear lattice, the effective thermal conductivity κ e approximately follows a scaling temper-ature dependence (Fig. 1) :
where N is the system size, j is the heat flux, T ≡ (T + + T − )/2 is an average of the boundary temperatures T + and T − , and ∆T ≡ T + − T − > 0 is the temperature difference across the lattice chain. C > 0 and t > 0 are some constants. For the conventional cases of having the value of either T + or T − fixed [8] [9] [10] [11] [12] [13] , NDTR corresponds to
which implies
for
For ±(γ − 1) > 0, Eq. (2) yields a disallowed condition of ∆T being smaller than a negative value. For cases with the value of T − being fixed, it simply follows from Eq. (4) that γ > 1 is the condition for the occurrence of NDTR. And for cases with the value of T + being fixed, the additional constraint ∆T
; that is, γ must be negative. It follows that, for the φ 4 model with γ > 0, cases of NDTR with the value of T + being fixed cannot occur, which is consistent with existing numerical findings [10] .
Despite its specific applicability to the φ 4 model, the above theoretical analysis can readily be generalized to any one-dimensional heat flow. This can be achieved by removing any model-specific features, e.g. the specific scaling temperature dependence of the effective thermal conductivity κ e as described in Eq. (1). Starting from the general form
which describes the general dependence of this effective thermal conductivity on two externally controlled parameters, one can write
and
Eq. (5) generally takes into account any possible nonlinear response [10] (particularly at large values of ∆T )
where the thermal conductivity could be more than a temperature-dependent material property -it could depend not only on the system's average temperature but also on the applied temperature difference. This is analogous to the possible existence of a field-dependent electrical conductivity at large electric fields [16] , for example in cases of space-charge-limited conduction [17] with a power-law relation between the current density j and the applied voltage V . Using Eq. (6), Eq. (7) can be rewritten as
where the scaling exponents
are hereafter referred to as the conductivity exponents; They describe, respectively, the dependence of the effective thermal conductivity κ e on T and ∆T . On the other hand, the constraint of fixing the value of either T + or T − belongs to a more general set of constraints, each of which can be described in terms of a particular curve
in the (T , ∆T ) parameter space. It follows that
for the function F (T , ∆T ), so that a corresponding scaling exponent
can be defined with respect to the constraint. The conventional cases of having the value of either T + or T − fixed correspond to particular linear relations between T and ∆T in the parameter space:
and therefore
In the more general theoretical framework described above, NDTR corresponds to
according to Eq. (8). As long as n 2 (T , ∆T ) = 0, one can always ensure that this inequality is satisfied, by choosing a suitable value of n 1 (T , ∆T ) ∈ (−∞, +∞) where this value represents a particular way of varying the temperature difference ∆T across the system to generate NDTR. This suggests that NDTR can be generated by a range of previously unexplored methods. For the φ 4 model as well as for other cases with a negligible dependence of κ e on ∆T , Eq. (18) can be simplified to
which can be depicted as a 'phase diagram' of n 1 (T , ∆T ) and n 2 (T ) (Fig. 2) . In this 'phase diagram', regions of NDTR and PDTR (positive differential thermal resistance) are separated by the curves of n 1 (T , ∆T )n 2 (T ) = −1. In the following, the φ 4 model is used as an example to illustrate the presence of a greater variety of methods for generating NDTR in addition to the conventional approaches of fixing the value of either T + or T − . The conventional approaches of fixing the value of either T + or T − , as described by Eq. (15), can be regarded as particular cases of a more general constraint
where m o ≥ 0, m 1 ∈ (−∞, +∞) and
This linear relation between T and ∆T can be rearranged into the form of Eq. (11). The condition
for m 1 < 1/2, and ∆T max → ∞ for m 1 ≥ 1/2. Using the relations
[from Eqs. (1) and (9)] and
[from Eqs. (13) and (20)] as well as Eq. (20), it can be shown, for the φ 4 model, that the occurrence of NDTR is conditioned upon a simultaneous satisfaction of the following inequalities:
where the last inequality is needed only for cases of m 1 < 1/2. Combining Eq. (28) with Eq. (23), one obtains the following condition for the existence of a finite NDTR regime at m 1 < 1/2: against the temperature difference ∆T for m o = 2 at various values of m 1 . The transition from PDTR to NDTR for increasing ∆T occurs at values of ∆T * that are very close to the predictions of Eq. (26), where this equation suggests a ∆T * ∼ 1/m 1 dependence for m 1 > 0. The small discrepancies between theory and simulation are due to uncertainties in the fitted values of γ and t. The numerical results prove that NDTR can be generated not only by the conventional approaches of fixing the value of either T + or T − , but also by a range of previously unexplored methods [i.e. constraints that can be expressed in the form of Eq. (11)] for varying the temperature difference ∆T , where the linear relation in Eq. (20) represents only one of many different possibilities. For the purpose of generating NDTR, as long as the thermal conductivity varies with the system's average temperature, i.e. n 2 (T , ∆T ) = 0, one can always adjust the constraint F (T , ∆T ) = 0 so as to produce a suitable value of n 1 (T , ∆T ) that satisfies Eq. (18) . As to future work, this theoretical analysis of NDTR will be useful when designing thermal devices based on components of one-dimensional heat flow [1] [2] [3] . It can also serve as a guide for manipulating heat flow in experimental systems, such as carbon nanotubes and boron-nitride nanotubes [18, 19] . On the other hand, although Eq. (18) has no direct electrical analogue (electrical conductivity does not depend on absolute values of the electric potential), T generally represents a parameter which the conductivity depends on and which can be manipulated externally. A possible electrical equivalent of T is the charge density, which in certain cases can be controlled via charge injection from the electrodes [16] .
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